Abstract. In this paper, Newton's law of cooling is considered from a different perspective with newly defined fractional conformable. Obtained results are compared with experimental results and found optimal fractional orders which fit better with real data. Results show that Newton's law of cooling with fractional conformable derivative gives better results to integer order derivative. Results are given comparatively to Newton's law of cooling with integer order and experimental data and also, fractional conformable derivative's advantages are supported by numerical illustrations and error analysis.
Introduction
Fractional differential equations idea was firstly suggested by Leibniz on generalizing of integer order derivative three centuries ago. Many problems with real world phenomena were modelled by integer order derivatives. If the variable in the integer order derivative is specified as time, it gives the amount of change according to time and so, approximate amount of change can be calculated by changing time. Fractional derivative definitions involve variable order and hence, it is not hard to estimate to give better approximations to the integer order derivative. However, many fractional derivative definitions have been introduced in recent years. These new definitions have some advantages and disadvantages, for example, fractional differential problems with Riemann-Liouville derivative do not include initial conditions with integer order, but fractional differential problems with Caputo derivative include initial conditions with integer order. Therefore, the Caputo derivative is more useful than the Riemann-Liouville derivative in some engineering and physical problems. Fractional derivatives with exponential and MittagLeffler kernel have been introduced by respectively Caputo-Fabrizio [14] and Atangana-Baleanu [3] . These new operators are more useful in some real world problems due to having nonsingularity in its kernels.
Conformable derivative definition was firstly given by Khalil et al. [11, 13] , and this operator shows similarity to the integer order derivative, differently it includes a shift as εt −α in its limit definition, but it is not conformable at α = 0, i.e. lim temperature of beakers every minute and compared real data to classical Newton's law of cooling. More recently, Mondol et al. [9] have considered Newton's law of cooling with Riemann-Liouville and Caputo sense and have tested experimentally for different liquids. They have studied to obtain to fit real data by using fractional derivatives in Riemann-Liouville and Caputo sense. Ortega et al. [10] have considered Newton's law of cooling with conformable derivative. Almeida et al. [7, 8] have used some new fractional derivatives to obtain better results to fit data for some modelling problems. Also, some physical modelling problems are studied by [1, 2] .
In this paper, we consider Newton's law of cooling from a different perspective with newly defined fractional conformable and β−derivatives. Firstly, we obtain new analytical solutions for Newton's law of cooling with newly defined fractional conformable and β−derivatives, and then we compare these new analytical solutions with experimental results, tested by Gieseking [15] , and study to find optimal fractional orders which fit better with real data. Results show that Newton's law of cooling with fractional conformable derivative gives better results to integer order derivative. Results are given comparatively to Newton's law of cooling with integer order and experimental data and also, fractional conformable derivative's advantages are supported by numerical simulations and error analysis.
Preliminaries
Definition 1. [16] The Riemann-Liouville derivative of order α is defined as RL a D α t f (t) = 1 Γ (n − α) d n dt n t a f (ξ) (t − ξ) n−α−1 dξ, n − 1 < α < n.
Definition 2. [16]
The Liouville-Caputo derivative of order α is defined as
The fractional derivative with exponential kernel for α > 0 is defined as
where M (α) is a normalization constant that depends of α, which satisfies that, M (0) = M (1) = 1.
Definition 4.
[3] The fractional derivative with Mittag-Leffler kernel is defined as
where B (α) is normalization function and B (0) = B (1) = 1.
is α−differentiable in some (0, a) , a > 0 and lim
Definition 6. [12, 11] The left and right conformable integrals are defined as
Then, Riemann-Liouville fractional conformable derivatives are defined as follows,
and
The different type of left conformable integral is defined as
Then a different type of Caputo fractional conformable derivatives are defined as follows,
Then a different type of Riemann-Liouville fractional conformable derivatives are defined as follows,
Then the following property is valid,
In this section, we find exact analytical solutions of Newton's law of cooling with Caputo fractional conformable and the different type of conformable derivative.
Newton's Law of Cooling with Newly Defined Fractional Conformable Derivative
Let's consider Caputo fractional conformable derivative defined in (3) . So, we obtain exact analytical solution of the Newton's law of cooling equation. Let's consider the initial value problem
Solution. Using the inverse operator of
Considering the Theorem 2 and the initial condition (1) , we have
where
Applying the change of variable u = x−a t−a α , we have
Substituting equation (14) into (13) ,we have
For n = 1, we get
, then we can rewrite equation (1)
Proceeding inductively we have
Therefore, as n → ∞, we find
where E β,1 (t) is Mittag-Leffler function [16] . Now, let's consider the different type of Caputo fractional conformable derivatives defined in (7) . We obtain the analytical solution of the Newton's law of cooling. Considering the initial value problem
Solution. If we apply similar arguments used in the proof of problem (1 − 1), then we have
Comparative Analysis and Discussions
In this section, we use experimental data tested by Gieseking [15] . Gieseking [15] used three beakers of water in volume of 100, 300 and 800 ml and measured temperature every minute for 35 minutes in a constant ambient temperature 23 o C. We study to find the optimal fractional orders which fit better with real data. Results show that Newton's law of cooling with fractional conformable derivative gives better results to integer order derivative. Results are given comparatively to Newton's law of cooling with integer order and experimental data and also, fractional conformable derivative's advantages are supported by numerical simulations and error analysis. We try different fractional orders (α = 0.9, β = 0.9) , (α = 0.9, β = 0.95) , (α = 0.91, β = 0.91) and (α = 0.92, β = 0.92) for finding optimal order to fit real data. Let's consider Newton's law of cooling with integer order derivative and its solution is as follows
The convection coefficient k for Newton's law of cooling with integer order can be found analytically, but the convection coefficient k for Newton's law of cooling with fractional order can be found approximately. The convection coefficient k for three beakers of water in volume of 100, 300 and 800 ml is found as respectively k = 0.0676, k = 0.0447 and k = 0.0327. Assume that temperatures of these three beakers of water in volume of 100, 300 and 800 ml are known as 45 o C, 55 o C and 63 o C after 20 minutes for finding the approximate value of convection coefficient k, and k will change for each value α and order β.
If we consider beaker of water in volume of 100 ml, then we observe that the optimal fractional order α = 0.9, β = 0.9 to fit real data with error analysis and simulation in F ig.1, T able1 − 2 − 3 − 4.
If we consider beaker of water in volume of 300 ml, then we observe that the optimal fractional order α = 0.9, β = 0.9 to fit real data with error analysis and simulation in F ig.2, T able5 − 6 − 7 − 8.
If we consider beaker of water in volume of 800 ml, then we observe that the optimal fractional order α = 0.9, β = 0.95 to fit real data with error analysis and simulation in F ig.3, T able9 − 10 − 11 − 12.
Finally, we compare these results similarly under any value α and any order β in F ig.4, F ig.5 and F ig.6. 
